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We analyze the elastic scattering of the α + 16 O system at 240 and 400 MeV within the framework
of the Coulomb-modified Glauber model by using an effective nucleon-nucleon (N N ) amplitude considering a q 4 component. The calculated results show a fairly good agreement with the experimental
data. The near-side and the far-side decompositions of the elastic cross section have also been performed by following Fuller’s formalism. The presence of a nuclear rainbow is evidenced by a classical
deflection function. We also investigate the effect of a q 4 component of the effective N N amplitude
on the elastic and the reaction cross sections. The effective N N amplitude is found to be helpful
in reproducing the α +

16

O elastic scattering data.

PACS numbers: 24.10.-i, 25.70.-z, 25.70.Bc
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I. INTRODUCTION
A number of efforts [1–10] have been made to study
the heavy-ion elastic scattering within the framework of
the optical limit approximation (OLA) to the Glauber
model. The important ingredient needed for describing
the elastic cross section is the nuclear phase shift. In this
approximation, only the leading term in an expansion of
the nucleus-nucleus phase shift function is considered.
The standard form of OLA to the Glauber model was
modified [3] to account for the deviation in the straightline trajectory because of the Coulomb field. This type
of OLA to the Glauber model is called as a “Coulombmodified Glauber model (CMGM)”.
The CMGM has been used as simple and useful tool
in describing the heavy-ion elastic scattering at high enregies. The main components of CMGM are the densities of colliding nuclei and the nucleon-nucleon (N N )
scattering amplitude. Due to its simplicity, CMGM has
been advanced to study the heavy-ion elastic and reaction cross sections at low and intermediate energies.
∗ E-mail:
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Charagi [11] has extended the CMGM to low energies by
calculating the overlap integral of the nuclear densities
over a hyperbolic trajectory. It predicted reasonably well
the reaction cross sections of a large number of heavyion systems at low energy range. Analysis of 240 MeV α
particle elastic scatterings on 58 Ni, 116 Sn and 197 Au has
been performed [12] with the effective N − α amplitude
in the CMGM. The α+ nucleus elastic data have been
studied [13] extensively over a wide energy range by using the CMGM including the higher momentum transfer
components of N N amplitude.
In our earlier study [14], we have presented a semiclassical phase shift analysis of the elastic data for Elab =
1503 MeV 16 O beams on 40 Ca and 90 Zr nuclei based on
the CMGM. Recently, the 6 Li + 92,94,96 Zr elastic scatterings at Elab = 70 MeV have been analyzed [15] within
the framework of the CMGM by using the effective N N
amplitude having the λ1 q 4 +λ2 q 6 (q is momentum transfer). The elastic scatterings of α + 16 O system have
been measured [16,17] up to small (for Elab = 240 MeV)
and relatively large angles (for Elab = 400 MeV), and
analyzed by using the optical and single folding models, respectively. In this paper, we present a CMGM by
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using the effective N N amplitude (ENNA) considering
a q 4 component, and examine its usefulness by analyz-
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where the density parameters ρi (0) and ai with rooti
mean-square radius Rrms
are given by

ing the α + 16 O system at Elab = 240 and 400 MeV.
Two free parameters (λR and λI ) related with the co-

Ri
ai = √rms ,
1.5

efficients of q 4 in ENNA are used to analyze the elastic

ρi (0) =

1
√
.
(ai π)3

(4)

data because the αN N (ratio of real to imaginary parts
of the forward N N scattering amplitude) is determined

Concerning the fN N (q), we take the following effective
N N amplitude given by [13]

from the CMGM with the conventional N N amplitude
(CNNA). Other elements are the nuclear densities and

kN N
σN N (αN N + i) exp[−βN N q 2 /2][1 + λq 4 ]
4π
(5)
instead of conventional N N amplitude with λ = 0. In
this equation, αN N is the ratio of real to imaginary
parts of the forward N N scattering amplitude, βN N is
the slope parameter, and λ is the free parameter. The
nucleon-nucleon total cross section σN N averaged over
neutron and proton numbers is calculated by the expression

the N N total cross section. The main concerns in this
paper are as follows : (1) χ2 /N − fit to the elastic scattering cross sections, and necessity of the introduction
of the in-medium N N total cross section, (2) the contributions of the near-side and the far-side components
to the angular distributions, (3) the deflection function,
the modulus of S-matrix element, and the strong absorption radius , and (4) the effect of λR q 4 and λI q 4 on the
elastic and reaction cross sections. In the next section,
we briefly describe the theory regarding the CMGM by
using the ENNA. The numerical results are presented
and discussed in Sec. III. Finally, Sec. IV contains the
concluding remarks.

fN N (q) =

NP NT σnn + ZP ZT σpp + NP ZT σnp + NT ZP σnp
AP AT
(6)
where σpp (σnn ) and σnp are obtained from Eqs. (22)
and (23) by Charagi and Gupta [4]. When the medium
effect on N N total cross sections is taken into account,
σnn (σpp ) and σnp will be replaced by the formula [20]:
σN N =

II. THEORY

m
σij
= σij × fm (ij),

According to the OLA to the Glauber model, the nuclear phase shift δ(b) in the impact parameter b space
may be written as [18,19]
∫
AP AT ∞
δ(b) =
dqqJ0 (qb)fN N (q)FP (q)FT (q),
2kN N 0

(1)

where q is the momentum transfer, kN N is the nucleon
momentum corresponding to the projectile kinetic energy
per nucleon and J0 (qb) is the Bessel function of zeroth
order. Both FP (q) and FT (q) are the form factors for
the projectile (P ) and target (T ) nuclei, respectively. At
the same time, fN N (q) is N N scattering amplitude. By
assuming nuclear densities as a Gaussian form
( 2)
r
ρi (r) = ρi (0) exp − 2 , i = P, T
ai

Fi (q) = exp(−q 2 a2i /4),

i = P, T

fm (ii) =

0.06 1.48
1 + 7.772Elab
ρ
,
1 + 18.01ρ1.46

i=j

(8)

fm (ij) =

0.04 2.02
1 + 20.88Elab
ρ
,
1 + 35.86ρ1.90

i ̸= j

(9)

and

where Elab is the incident nucleon energy in MeV, and ρ
is the nuclear matter density in units of f m−3 . Inserting
Eqs. (3) and (5) into Eq. (1), we can obtain an analytic
expression of the nuclear phase shift as

(2)

(3)

(7)

with the in-medium factors fm (ii) and fm (ij)

δ(b) =

and using the Fourier transformation of ρi (r), we can
obtain the nuclear form factor

i, j = p, n

AP AT
σN N (αN N + i)
4π
[
]
[ 2]
1
16
b4
4b2
b
×
+
λ
(2
+
−
)
exp
− 2
R2
R6
R4
R2
R
(10)

with
R2 = a2P + a2T + 2βN N .

(11)
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Table 1. Input parameters and χ2 /N values in the CMGM for the α + 16 O elastic scattering at 240 and 400 MeV.
We have used aP = 1.396 f m and aT = 2.213 f m obtained from the root-mean square radius [21]. Set 1 and Set 2
are the input parameters by using the free and the in-medium N N total cross sections, respectively. The χ2 /N values
denote the results by using the effective (conventional) N N amplitude.
Energy (MeV)
Set
Set
Set
Set

240
400

a

σN N (mb)
88.8
64.8
51.0
37.7

1
2
1
2

10 error bars, χ2 /N = (1/N )

∑N [ σth (θi )−σex (θi ) ]2
i=1

∆σex (θi )

αN N
1.573
1.900
1.005
1.266

λ(f m4 )
-0.010-0.409i
-0.087-0.051i
-0.273+0.032i
-0.170+0.064i

χ2 /N a
1.42 (3.79)
0.92 (1.10)
9.32 (14.11)
6.41 (10.20)

.

√
In a CMGM, the impact parameter b = L(L + 1)/k is
replaced by the distance of closest approach rc :
√
1
(η + η 2 + L(L + 1))
k

βN N (f m2 )
0.5318
0.5318
0.51
0.51

the calculation of the in-medium N N total cross secm
−3
tion (σN
[20] in the Eqs.
N ), we used ρ = 0.19 f m

(7)-(9). Regarding the slope parameter, βN N = 0.51

(12)

f m2 at 100 MeV/nucleon is taken from Ref. [21]. In

where η is the Sommerfeld parameter. Then the nuclear
phase shift δ(b) in Eq. (10) can be replaced by an expression δL (rc ) in terms of L.
The elastic scattering amplitude for spin-zero particles via Coulomb and short-range central forces can be
written in the form

the case of 60 MeV/nucleon, we used βN N = 0.5318

rc =

∞
1 ∑
1
(L+ ) exp(2iσL )(SL −1)PL (cos θ),
ik
2
L=0
(13)
where fR (θ) is the usual Rutherford scattering amplitude, σL is the Coulomb phase shift, and SL is the nuclear scattering matrix element given by

f (θ) = fR (θ)+

SL = exp[2iδL (rc )].

(14)

f m2 , which was interpolated from the βN N values at 45
and 100 MeV/nucleon [21]. The calculations of elastic
f
cross section have been performed by using the σN
N and
m
the σN
N , respectively. Based on the CMGM by using

CNNA, we first determined the parameter αN N from
fitting the elastic data. After fixing αN N , the CMGM
calculations with the ENNA have been made to search
for the parameter λ that may provide the best possible
description of the elastic data. The input parameters
and the χ2 /N values, obtained in this way, are collected
in Table 1. Set 1 and Set 2 in this Table are the related
f
m
values by using the σN
N and the σN N , respectively.

The calculated elastic cross sections for α +

16

O sys-

tem at Elab = 240 and 400 MeV are presented in Fig. 1

III. RESULTS AND DISCUSSION
Following the approach discussed in the previous section, we have calculated the elastic differential cross sections of α + 16 O system at Elab = 240 and 400 MeV
by using the ENNA in the CMGM. The inputs required
for calculation are (i) the parameters ai of the form factors for the colliding nuclei and (ii) the N N amplitude
parameters : σN N , αN N , βN N and λ. The ai values of
Eq. (3) are calculated from Eq. (4), where root-meani
square radii Rrms
are taken from Ref. [21]. The value
f
of the free space N N total cross section (σN
N ) was ob−3
tained by taking ρ = 0.0 f m in the Eqs. (7)-(9). For

and 2, along with the experimental data [16, 17]. The
upper and lower parts of Figs. 1 and 2 are the calculated
f
m
results by using σN
N and σN N , respectively, and corre-

sponding input parameters are given in Set 1 and Set 2
of Table 1. The dotted and solid curves are the results by
using the CNNA and the ENNA, respectively. For each
m
calculation, we can find that the results with the σN
N

were found to do better in reproducing the experimental
f
data than those with the σN
N . As Table 1 shows, the

χ2 /N values for each incident energy are lower in the
m
calculated results with the σN
N than the ones with the
f
σN
N . The improved agreements with the elastic data in-

dicate that introducing the in-medium N N total cross
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Fig. 1. (Color online) Elastic scattering angular distributions for the α + 16 O at Elab = 240 MeV. The solid
circles denote the experimental data taken from Ref. [16].
The upper and lower parts are the calculated results by
using the free and in-medium N N total cross sections,
respectively. The dotted and solid curves are the results
by using the conventional and the effective N N amplitudes, respectively.

Fig. 2. (Color online) The same as Fig. 1, but for the α
+ 16 O at Elab = 400 MeV. The experimental data are
taken from Ref. [17].
section is important in the description of α +

16

O elas-

tic scattering. Thus, we will analyze the elastic data by
m
using the CMGM with the σN
N from now on. The lower

parts of Figs. 1 and 2 show the calculated results by using the CNNA (dotted curves) and ENNA (solid curves)
m
with the σN
N , respectively. As seen in these figures, the
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Fig. 3. (Color online) Differential cross sections (solid
curves), near-side contributions (dotted curves), and farside contributions (dashed curves) following the Fuller’s
formalism [22] obtained from the CMGM by using the
effective N N amplitude with in-medium N N total cross
section for the elastic scattering of α + 16 O at Elab =
240 MeV and 400 MeV, respectively.
differences between the dotted and solid curves are substantial when compared to the experimental data. In
particular, the solid curves reproduced well the heights
and depths of maxima and minima of elastic data, in
comparison with the dotted curves. In addition, the solid
curve of Fig. 2 gave some difference at smooth exponential falloff regions. As these figures and Table 1 show,
solid curves give lower χ2 /N values and bring the elastic
cross sections closer to the experimental data compared
with the dotted curves. This means that the ENNA helps
in reproducing the heavy-ion elastic scattering data.
The near- and the far-side decompositions of the scatm
tering amplitudes by using the ENNA with σN
N were
also performed by following the Fuller’s formalism [22].
The contributions of the near-side (dotted curves) and
the far-side (dashed curves) components to the cross sections are shown in Fig. 3 along with the differential cross
sections (solid curves). The differential cross-section is
not just a sum of the near- and the far-side cross-sections
but contains the interference between the near- and the
far-side amplitudes as shown in Fig. 3. The oscillations
observed in the elastic scattering cross sections for α +
16
O system at Elab = 240 and 400 MeV are due to an
interference between the near- and the far-side components. As Fig. 3 and Table 2 show, the magnitudes of the
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Table 2. Analysis results of the CMGM by using the effective N N amplitude with in-medium N N total cross section
for the α + 16 O elastic scattering at 240 and 400 MeV.
Energy (MeV)
240
400

θcross (deg)
4.4
3.3

θn.r. (deg)
-45.0
-11.2

Fig. 4. (Color online) Elastic scattering angular distributions obtained from the different λR (upper part) and
λI (lower part) values, corresponding to the coefficients
of q 4 in the effective N N amplitude with in-medium N N
total cross section, for the α + 16 O elastic scattering at
Elab = 400 MeV. The other input parameters are given
as Set 2 in Table 1.
near- and far-side contributions are equal, at the crossing angles θcross = 4.4◦ for Elab = 240 MeV and θcross =
3.3◦ for at Elab = 400 MeV. The behaviors of large-angle
cross sections are mainly determined by the far-side amplitude.
To investigate the effect of a λq 4 component in ENNA
on the elastic cross section, we plotted the angular distributions (using Set 2 in Table 1) of α + 16 O at Elab =
400 MeV in terms of the real (λR ) and imaginary (λI )
parts of λ, where the other input parameters are fixed.
The λR (λI ) value was taken ±0.4 f m4 from the best
fit λR (λI ) value, and the corresponding results are displayed in Fig. 4. The solid curve shows the best fits
with λR (λI ) = −0.170 (0.064) f m4 , while the dotted
and dashed curves are the results for λR (λI ) ± 0.4 f m4 .
We can see that the elastic cross sections around the
first maxima (θc.m. ≃ 9o ) are moved upward as the λR
value decreases. On the other hand, a higher λI value

L1/2
26.48
31.38

Rs (f m)
5.036
4.590

σRs (mb)
797
662

σR (mb)
805
693

Fig. 5. (Color online) Deflection function (θL ) and modulus of the S-matrix elements (|SL |) obtained from the
CMGM by using the effective N N amplitude with inmedium N N total cross section for α + 16 O elastic scattering versus the orbital angular momentum L.
pushes the elastic cross section to the upward as a whole
compared to the calculation with lower λI . The parameters λR and λI also affect the reaction cross section σR .
Three λR values for Elab = 400 MeV generated somewhat different σR values (σR = 678, 693 and 700 mb
for λR = −0.570, −0.170 and 0.230 f m4 ), and λI values
produced also different values (σR = 673, 693 and 701
mb for λI = −0.336, 0.064 and 0.464 f m4 ), indicating
that the σR increases as the λR (or λI ) value becomes
larger. Similar results were also obtained for Elab = 240
MeV.
The deflection functions (using Set 2 in Table 1) given
by the formula, θL = 2(d/dL)(σL + ReδL ), are plotted in Fig. 5 along with the corresponding modulus of
S−matrix elements, |SL |. In a nuclear rainbow situation,
the strong nuclear force attracts the projectiles towards
the scattering center and deflects them to negative scattering angles. The deflection functions have typical negative extreme value associated with the nuclear rainbow
angle θn.r. . As Table 2 and Fig. 5(a)-(b) show, the θn.r.
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are -45.0◦ for Elab = 240 MeV and -11.2◦ for Elab = 400

Through the near-side and the far-side decompositions

MeV, respectively, which evidently prove a presence of

of elastic cross section, we have also shown that the os-

the nuclear rainbow in each incident energy. It can also

cillatory structure observed in the angular distributions

noticed that the magnitude of θn.r. decreases as the in-

is considered to be due to the interference between the

cident energy increases. In Fig. 5(c)-(d), we can see that

near-side and the far-side amplitudes. The behaviors

the values of |SL | approach 0 at the regions of L → 0,

of the large-angle cross sections are mainly determined

increase rapidly as the L−value becomes larger, and fi-

by the far-side amplitude. The presence of a nuclear

nally reach to 1. A further investigation of the situation

rainbow in both incident energy is evidenced through

can be gained by looking at the strong absorption radius

a classical deflection function. The magnitude of the

(Rs ) and the reaction cross sections (σRs and σR ) given

maximum negative deflection angle for Elab = 240 MeV

in Table 2. The Rs is determined from the formula Rs
√
= {η + η 2 + L1/2 (L1/2 + 1)}/k, in which L1/2 corre-

is larger than the one for Elab = 400 MeV, indicating

sponds to |SL | = 1/2. From the comparisons between

incident energy increases. We can see that the higher

2

that the nuclear rainbow angle value decreases as the

and the partial wave sum

momentum transfer component ((λR + iλI )q 4 ) in ENNA

(σR ) reaction cross sections given in Table 2, we can find

has a influence on the elastic and reaction cross sections.

that Rs provides a good estimate of the reaction cross

When other input parameters are fixed, a higher λI value

section.

moved the elastic cross section to the upward as a whole,

the geometrical (σRs =

πRs2 )

in comparison with the calculation with lower λI . The
reaction cross section has been found to increase as the

IV. CONCLUDING REMARKS

λR (or λI ) value increases.

In this paper, we have presented a Coulomb-modified
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