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Since Vilfredo Pareto’s study, the distribution of wealth and income has been the subject of
empirical research in the field of finance. A number of researchers in this field have tried to explain
the empirical data by using a theoretical and modeling approach. Some results of their researches
indicate that the inequality in societies is a universal phenomenon regardless of the era and the
region. In this work, we tried to understand the origin of the polarization in societies where
polarization is defined as a measure of inequality in the distribution of wealth. For this purpose, we
simulated a fictitious stock market by using the Ising spin model proposed by Bornholdt. The result
shows that the occurrence of polarization in the market depends on the value of a temperature-like
parameter and that a phase transition exists across a critical value of this parameter.
PACS numbers: 64.60.Ht, 89.65.Gh, 87.23.Ge
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I. INTRODUCTION

tail possess a half of the total wealth. The distributions
of income and wealth follow very similar patterns, espe-

More than a century ago Vilfredo Pareto made a quantitative evaluation of social inequality by using data on
income distribution in several countries in Europe and
found that the distribution of wealth exhibits a power
law tail [1]. Later researches showed that the power
law fits only for the upper tail of the income distribution which is the richer part of the population. The bulk
part of the distribution of both income and wealth seems
to fit log-normal or gamma distribution [2–5]. The distribution of income and wealth fits well to the gamma
distribution for the probability density and Gibbs distribution for the cumulative distribution [6]. When one
plots the cumulative distribution of wealth and income,
the distribution for the approximately 95% of the population fits the Gibbs or log normal distribution (Gibrat
law) and for the remaining 5% of the rich population
the distribution follows a power law (Pareto’s law). In
many countries, about 5% of the people in the Pareto

cially for the bulk of the distribution. This feature of the
distributions is robust and it follows a particular universal pattern irrespective of differences in social structure,
historical background and economic systems. This feature seems to be universal in time too; from the ancient
Egyptian society [7] and medieval Hungary [8] through
nineteenth century Europe [9] to the modern day USA
[10] and Japan [11]. From these facts, many econophysicists have thought there might be a basic natural law
with simple physical explanation.
To shed light on the understanding of the unequal accumulation of wealth, several kinetic models with simple
mechanisms have been proposed. Some of these models
view the economy as a thermodynamic system [12–15].
Markets are compared with the systems of ideal gases,
where the large numbers of agents and their asset have
close resemblance with the gas particles and their energies respectively. The process of wealth trading among
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agents resembles the process of energy transfer between
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particles through collision process. Several models have
been proposed which differs mainly in the wealth exchange rules. Pure random asset exchange model is similar to the process of elastic collision between ideal gas
particles [16–19]. In this process the wealth is conserved
just as the energy of the ideal gas particles is conserved.
The equilibrium distribution of this wealth conserving
model is a Gibbs distributionP (x) exp (−βx). The introduction of saving propensity in random asset exchange
model turned the distribution into the gamma distribution. Those distributions, however, are lack of the powerlaw tails as in the empirical distribution of wealth and
income. Chaterjee, Chakrabarti and Manna proposed
a model with modifications which could reproduce the
power law tail in upper region of the distribution [18].
The universal pattern of the distribution of wealth and
income shows two-level structure. There have been several attempts to explain the origin of the two level structure of wealth distribution. Sinha and Srivastava proposed a tribute model to explain the inequality in income
distribution [20]. They concluded that the inequality in
society is caused by the resource flow in a hierarchically
structured social network. Yarlagadda and Das also reproduced two class level distributions by using two types
of trading modes [21]. Their model is based on the idea
that two different dynamics are operative in the poor
regime and the wealthier regime respectively. The drawback of these works is that there already exist separate
classes hence they do not show how inequality emerges.
Also in most asset exchange models the total asset is assumed to be conserved. Therefore it is a zero-sum game
because if one agent gains some amount of asset, the
other loses the same amount. In real markets, however,
the value of asset is not fixed because of the change of
the price in time. Hence the simple asset exchange model
cannot represent the realistic market.
Now the question is what if there is no separation of
classes at the beginning; and what if the total asset is
not conserved. Will there still be the polarization in the
wealth distribution? In this paper we attempted to investigate a more realistic market without inequality at the
beginning. We considered a free trading market starting
from null since there should be no money and/or price at
the beginning. To simulate this market we chose to use a
spin model originally proposed by Bornholdt because it
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is very simple to use yet it could successfully reproduce
the so-called stylized facts such as the fat tails and nonGaussianity of the return distributions and slow decay in
autocorrelation of absolute returns etc. [22–24]. While
the others have focused on the global properties such as
autocorrelation of returns and absolute returns etc, we,
however, are more interested in the performance of the
individuals in the market. Since we assumed perfectly
fair competition, we imposed no handicap or benefit for
any agent. All agents started with equal amount of asset
which is zero in our case. They can also have limitless
debt. We will present the spatial and the statistical distribution of individual wealth for various conditions; and
how the wealth variation depends on the inverse temperature. We will also investigate an order parameter to
check whether there is a phase transition.

II. CALCULATIONS
Agent model on stock market is described on twodimensional Ising model [22]. While spin with σ = +1
corresponds to a buyer, spin with σ = −1 corresponds
to a seller. Two-dimensional Ising lattice is composed
of N (L × L) spins. The time evolution of these spins
depends on the local field hi (t). That is, each spin is
updated according to
σi (t + 1) = +1 with p = 1/[1 + exp (−2βhi (t))]
σi (t + 1) = −1 with 1 − p

(1)

Here, the probability p depends on the inverse temperature β and the local field is defined as follows:
hi (t) =

N
∑

Jij σi − ασi |M (t)|

(2)

j=1

The first term describes the local Ising interaction and
usually we take Jij = ±1 for the nearest neighbor
pairs (ferromagnetic and anti-ferromagnetic cases respectively) and Jij = 0 otherwise. Here, we have periodic
boundary conditions and hence each site has four nearest neighbors. The second term describes coupling with
∑N
the magnetization M (t) = N1 i=1 σi , where α is the
global coupling constant. When Jij , α > 0, each agent
seeks ferromagnetic order locally and anti-ferromagnetic
order globally. Hence the first term represents the herd
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behavior and the second term represents the desire to
be a part of the global minority as in the minority game
[25].
Initially, we start with a configuration of M = 0 where
a half of the agent sites with up spins are randomly chosen and the rest are with down spins. According to equations (1) and (2), each agent decide its spin for a given
J, α and β. At each time step, 100 agents flip their spins
so that it simulates a market where some agents participate in the trade more than once and some do not on
a daily basis. Figure 1 shows typical spin configurations
of 32 × 32 lattice for some conditions. We set J = 1,
a ferromagnetic case and α = 4. For β = 0.1, the spin
configuration is a mixed state at time step = 6000 and
12000, which reflects the thermal fluctuation for small
value of β. For β = 10.0, the spin configuration is a separated state at time step = 6000 and 12000, which shows
ferromagnetic nature for large values of β. For β = 1.0,
the spin configuration is a more separated than β = 0.1
case but a more mixed state than β = 10.0 case at time
step 6000 and become a bit more separated state later
at time step = 12000.
The price of the stock depends on the spin configuration at given time step and has the form of P (t) =
P0 eM (t) . The asset of an agent is composed with stocks
and cash. Hence the asset of each agent may vary by the
change of stock price and the trading of stocks at each
time step. Hence, we define individual wealth of agent
i, Wi (t) as follows:
Wi (t) = Si (t)P (t) + Ci (t)

(3)

where Si (t) is the number of stocks and Ci (t) is the cash
of agent i. At each trade agents sell or buy only one
stock, so the change of the asset for a given agent is
Si (t) = Si (t − 1) − 1, Ci (t) = Ci (t − 1) + P (t) for sell case,
Si (t) = Si (t − 1) + 1, Ci (t) = Ci (t − 1) − P (t) for buy case,

(4)

By calculating these quantities at each step, we can study
spatial and statistical distributions and time evolution of
individual wealth. The values of both cash and stock are
set to be zero initially and hence the initial value of total
wealth of each agent is zero. As results, limitless debt as
well as limitless wealth is possible in principle. Although
in reality zero wealth and infinite debt are not possible,
we adopted such initial conditions for simplicity in this
study.

Fig. 1. Typical spin configurations of 32 × 32 lattice for
J = 1, α = 4 (a) β = 0.1, time step = 6000 (b) β = 0.1,
time step = 12000 (c) β = 1.0, time step = 6000 (d)
β = 1.0, time step = 12000 (e) β = 10.0, time step =
6000 (f) β = 10.0, time step = 12000.

III. RESULTS
Figure 2 shows the spatial distribution of the wealth of
individual agents Wi (t) calculated at time step = 12,000
for J = 1, α = 4 and for various values of β. For β = 0.1
in Fig. 3(a), agents with large values of Wi (t) (rich
class), agents with small values of Wi (t)(poor class) and
agents with medium values of Wi (t)(middle class) are
well mixed and the deviation of Wi (t) are small. This reflects the thermodynamic nature of the system for small
value of β. For β = 1.0 in Fig. 2(b) and 2(c), rich agents
(with large values of Wi (t)) and poor agents (with small
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Fig. 3. (Color online) Statistical distribution of individual wealth Wi (t) at time step = 12000 for J = 1, α = 4
with 5 different initial configurations (a) β = 0.1 (b)
β = 1.0 (c) β = 10.0 and (d) statistical distribution of
individual wealth Wi (t) at various time steps for β = 1.0.
are qualitatively the same as shown in the spatial distribution in Fig. 2(a). This is because at small β− meaning
high physical temperature and which implies an active
Fig. 2. (Color online) Spatial distribution of individual
wealth Wi (t) at time step = 12000 for J = 1, α = 4 (a)
β = 0.1 (b), (c) β = 1.0 (d), (e) β = 10.0.

market – the opportunity for wealth exchange is high.
For β = 1.0 in Fig. 3(b), some distributions are single
peak type and some distributions are separated double

values of Wi (t)) are rather divided and the deviation of

peak type. While the former corresponds to Fig. 2(b)

Wi (t) are large. Figure 2(b) and 2(c) have different ini-

with large width, the latter corresponds to Fig. 2(c) with

tial configuration and in Fig. 2(c) there are less agents

even larger width. This implies instability of the system,

with medium values of Wi (t) than in Fig. 2 (b). For

usually shown near the critical point. For in Fig. 3(c),

β = 10.0 in Fig. 2(d) and 2(e), agents with large values

most distribution are double or triple peak type which

of Wi (t) and agents with small values of Wi (t) are very

corresponds to Fig. 2(d) except one which corresponds

well divided and the deviation of Wi (t) are small. Two

to Fig. 2(e). This is because at large β, that is, at low

different initial configuration cases are different as in the

physical temperature (implying an inactive market), op-

case of β = 1.0.

portunity for wealth exchange is low. Instability of the

To show the deviation of Wi (t) the statistical distribution of Wi (t) is preferable to the spatial distribution.

system still exists with much smaller width than β = 1.0
case.

Figure 3 shows the statistical distribution of Wi (t) for

As shown above, instability of the system with β = 1.0

J = 1, α = 4 and for various values of β. For each case,

displayed by the large discrepancy of the distribution

distributions developed from five different initial config-

for various initial configurations suggest that the critical

urations are displayed. For β = 0.1 in Fig. 3(a), distri-

value is near β = 1.0. Figure 3(d) shows distributions

butions are single Gaussian peak type and the width of

of one configuration for various time steps. Initially at

the peak is small. All of five initial configuration cases

time step = 4000 and 8000, the distribution is narrow
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Fig. 4. Wealth variation vs. β for J = 1, α = 4.
single peak type and later at time step = 12000, the distribution is separated double peak type with very large
width. At time step = 16000, the distribution becomes
single peak type again and all this features are very similar to Fig. 3(b).
As shown in Fig. 3, the size of the width of the statistical distribution of Wi (t) depends on the parameters
such as β and the initial configurations. The width is
rather narrow for small and large value of β. And on the
contrary the width for β = 1.0 is wide. The width may
be different for the different distribution types, that is,
whether the distribution is a single peak type or a double peak type. To analyze the dependence of the width
on parameters, we define ‘wealth variation’ as the halfwidth of the peak for the single peak type distribution
and peak to peak distance for double peak type. Figure 4 shows wealth variation vs. β for J = 1, α = 4 to
see dependence of the wealth variation on β. Here the
average value of five different initial configurations with
errors is displayed. For small β, wealth variation is very
small. As β increases, wealth variation increases until it
reaches maximum at β = 1.0. Above this point wealth
variation decreases and becomes small again for large β.
This suggests a phase transition at β = 1.0 where the
error of wealth variation is quite large.
In economics, the Gini coefficient is introduced in order
to investigate the degree of inequality in the distribution
of wealth. Figure 5 shows Gini coefficients as a function
of time for various values of β up to time step = 12000.
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Fig. 5. (Color online) Gini coefficient for J = 1, α = 4,
for various values of β.
For small β, which is for β = 0.1 and β = 0.5, Gini coefficients are small and stable and this tendency can also
be seen in the Fig. 3(a) where statistical distribution is
single peak type with small width and hence, wealth is
almost equally distributed. For β = 0.8, β = 1.0 and
β = 1.25, the Gini coefficients are larger than for small
β and fluctuate, which represents the instability shown
in Fig. 3(b). For large β, β = 2.0 and β = 10.0, the Gini
coefficients are larger, which reflects the fact that in most
cases distribution is double peak type and hence, polarization of wealth is appeared. They fluctuate initially
and become stable later. This means that intermediate
instability is being suppressed and the system becomes
stable with the polarization of wealth because of the low
opportunity of wealth exchange.
We have a motivation to define an order parameter
to describe a phase transition, since there are two different shapes of wealth distributions with a single peak or a
double peak for various values of β. Obviously, physics is
quite different in these two cases as described above. In
Fig. 6, we showed such a quantity, ‘wealth polarization’,
which is defined as the ratio of the maximum value over
the value of average wealth in wealth distribution as in
Fig. 3. It is clear that the phase transition is around
β = 1.0 where the value of wealth polarization changes
from the value near 1 to the value near 0 and the transition is rather continuous. Wealth variation in Fig. 4
looks proportional to the slope of the wealth polarization.
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not clear whether it is first order or second order. In order to find out that, we need to investigate the behavior
around the critical point more in detail. However, dynamically unstable property of the system put difficulties
on this investigation. Therefore in future we may need to
elaborate the concept of our order parameter which may
overcome the unstable nature and provide even clearer
understandings of the system.
What we have found in this research is as follows:
There is a temperature-like parameter β in this model
which indicate the degree of the vigor (or liveliness) in
the market. We found that whether there is polarization
or not depend on the value of the inverse temperature
β. If temperature is very high (β small: active market)
Fig. 6. Wealth polarization vs β.

there is no polarization and as the temperature cools
down to approach the critical value the polarization be-

And hence we propose that this wealth polarization as

gins to emerge in the wealth distribution and also the

an order parameter to describe a phase transition.

distribution becomes rather unstable. In the region of
very low temperature (β large), there is a polarization
in the distribution but the degree of polarization is quite

IV. CONCLUSIONS AND DISCUSSIONS

small compared to the case of near critical value.

We have calculated the spatial distribution and the
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