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The radiative proton capture on 15 N targets, i.e., 15 N (p, γ) 16 O , is an important thermonuclear reaction of
the CNO cycle in stellar environments. This reaction is a key process in the cycle because it initiates the NO
cycle by producing 16 O . In this study, we investigated the 15 N (p, γ) 16 O reaction within the framework of
cluster effective field theory. We construct an effective Lagrangian to describe the reaction at stellar energies
and calculate the astrophysical S factor. The parameters of our calculations, such as low-energy constants,
resonance energy, and decay width of the 16 O resonance are determined by fitting empirical data of the S factor
at the range of 72.8 keV ≤ Ecm ≤ 368.3 keV. The S factor value for this reaction at extremely low energy is
then determined to be S(E = 0) = 30.4 keV·b, which is consistent with the estimates of R-matrix approaches.
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I. INTRODUCTION
A star, such as the sun, burns by converting four protons into
an alpha particle through pp chain reactions. The conversion
starts through the CNO cycles in stars heavier than the sun,
namely, M ≥ 1.5M where M is the mass of the sun. The
radiative proton capture on 15 N reaction, 15 N (p, γ) 16 O , is a
key reaction that connects some types of CNO cycles, forming
a bridge from type I of the CNO cycle (or the CN cycle) to
type II of the CNO cycle (or the NO cycle) and type III.
Therefore, a description of this reaction is required for a deep
understanding of the CNO cycle.
The cross-sections of the 15 N (p, γ) 16 O reaction were measured in laboratories at relatively high proton kinetic energies
compared to that in the stellar environment [1–6]. Then, the
experimental data are used to fit the parameters of theoretical
models, primarily the R-matrix analyses [1,2,4,6–10], and the
astrophysical S factor is estimated by extrapolating the formula
to extremely low energy. Based on this approach, Hebbard estimated the astrophysical S factor to be S(E = 0) = 32 keV·b
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[1]. The data show two broad resonances at E p = 338 and
1028 keV, where E p is the proton energy in the laboratory
frame, and Rolfs and Rodney [2] investigated the inclusion
of direct capture contribution in the R-matrix analysis. These
authors obtained a value of the S factor larger almost by a factor of two than that of Ref. [1]. However, Mukhamedzhanov
et al. estimated the asymptotic normalization coefficient of
the proton in the ground state of 16 O for the direct capture
contribution using the 15 N ( 3 He, d) 16 O reaction [8], and they
obtained a value of the S factor that agrees with the value of
Ref. [1]. Therefore, more detailed and elaborated investigations into this reaction are strongly recommended. For example, it is important to constrain the parameters of R-matrix
analyses using various reactions [10]. However, it is beneficial
to study the reaction using other theoretical approaches.
In this study, we estimate the S factor of the 15 N (p, γ) 16 O
reaction using cluster effective field theory [11] by focusing
on the first resonance region of 16 O in the data. When the reaction has a clear separation scale between relevant degrees of
freedom in low energy and irrelevant degrees of freedom that
may play a nontrivial role only in high energy, the effective
Lagrangian in terms of the relevant degrees of freedom in low
energies and perturbatively expanded by counting the number
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of derivatives can be constructed. The reaction amplitude is
then perturbatively calculated using propagators and vertex
functions obtained from the Lagrangian. The amplitude obtained preserves the gauge symmetry and is determined by a
small number of coupling constants up to a given order.
This study is organized as follows. In the following section,
we construct an effective Lagrangian required to describe the
15
N (p, γ) 16 O reaction at low energies. In Sec. III, the radiative
capture amplitude is obtained and its explicit form is derived.
In Sec. IV, we present our numerical results for this reaction
and deduce the S factor of the 15 N (p, γ) 16 O reaction. Section V contains a summary.

II. EFFECTIVE LAGRANGIAN

Pi(

We start by considering the effective Lagrangian for the radiative proton capture of 15 N (p, γ) 16 O at stellar energy scales.
The Gamow peak energy region, where the thermonuclear reaction in a stellar environment most likely occurs, is approximately EG ' 26 keV at a relevant temperature of 1.5 × 107 K.
The length scale of this reaction is much larger than the size
of the 15 N nucleus and the reaction cannot probe the internal
structure of the nucleus. In this study, we treat the nucleon and
nuclei involved in the 15 N (p, γ) 16 O reaction as point-like particles, and the resonance state of the 16 O nucleus as a bounded
system of the proton and the 15 N nucleus, as described by the
cluster effective field theory (EFT).
The first resonance state in the cluster EFT is described by
introducing a di-field as an auxiliary composed of the proton
and the 15 N nucleus. This approach leads to the effective
Lagrangian as
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state of the 16 O nucleus with J π = 1− , respectively. The
masses of the proton and the 15 N nucleus are represented by
m p and m N , respectively, and v µ is the four-velocity vector
chosen as v µ = (1, 0). The covariant derivative is Dµ = ∂µ +
ieQ̂ Aµ , where e, Q̂, and Aµ are the elementary charge, charge
operator, and the photon field, respectively. The coefficient
Cn can be determined by the effective range parameters of
the effective range expansion (ERE), and nmax denotes the
number of effective range parameters considered in the ERE.
The couplings, ys , yt , and h, are the low-energy constants
(LECs).
Particularly, the interaction term containing h is introduced
as a counter-term to renormalize divergences from loop calculations. The projection operators are defined as

#
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where ψ p , ψ N , φO , and d are the fields for the proton, 15 N
nucleus, ground state of the 16 O nucleus, and the resonance
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for s-wave and p-wave interactions, respectively.

III. RADIATIVE CAPTURE AMPLITUDE
The Feynman diagrams for the reaction of 15 N (p, γ) 16 O
derived from the effective Lagrangian of Eq. (1) are shown
in Fig. 1. The wavy, thin solid, thick solid, and dotted lines
represent the out-going photon, in-coming proton, 15 N , and
the ground state of 16 O , respectively, as shown on the external
legs of each diagram in Fig. 1. The double solid line with
a black circle represents the intermediate resonance state of
16
O . The Coulomb repulsion between the proton and 15 N is
represented by shaded bubbles. The vertex with a crossed dot
in diagram (g) corresponds to the counterterm, which absorbs
the loop divergences from the diagrams in Figs. 1(d,e,f).
The fully-dressed propagator of the di-field is expressed as
an infinite series of the bare propagator and the self-energy
(Fig. 2). The self-energy is denoted by the shaded bubble diagram which can be evaluated using Coulomb Green’s function
[12,13] and can be written as
 µ

1
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Fig. 2. Fully-dressed propagator of the di-field.

Following Refs. [12,13,15,16], we obtain the radiative capture amplitudes for the 15 N (p, γ) 16 O process as
(a)

(b)

(d)

(c)

1
A = eX χpT σ2 (γ∗ · σ)τ2 χN ,
2

(8)

where γ∗ is the out-going photon polarization vector, χp ( χN )
is the spinor for the incident proton ( 15 N ). Factor X can be
written in the c.m. frame as
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Fig. 1. Feynman diagrams for the radiative capture process of
15
N (p, γ) 16 O .
where κ = Z p Z N µα and µ is the reduced mass of the two
nuclei. The last term of Eq. (5), which is linear in the regularization scale Λ, comes from the power divergence subtraction
scheme [14]. In Eqs. (4) and (5), ψ(x) represents the digamma
function, γE represents the Euler constant, α represents the
fine structure constant, and  is introduced by performing dimensional regularization in d = 4 −  space-time dimensions.
In terms of the magnitude of the relative momentum p in the
center of mass (c.m.) frame, E = p2 /2µ is the total kinetic
energy, and η = κ/p is the Sommerfeld parameter. Thus, the
fully-dressed propagator of the di-field in the c.m. frame reads
iD(p) = −

1 4π
i
,
2
yt µ K(p) − 2κH(η)

(6)

and the effective range expansion leads to
K(p) = −

1
1
+ r p2 + · · · ,
aR 2
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where aR and r are the scattering length and the effective
range, respectively. The divergent J0div of Eq. (3) is absorbed
by the scattering length aR .
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where Cη is the Sommerfeld factor, Γ(x) is the Gamma function, and σ0 = arg{Γ(1+iη)}. The loop integration give L(a+b)
and L(d+e) as
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p
where γ = 2µB is the binding momentum for the binding
energy B of 16 O from the p- 15 N breakup threshold, k is the
out-going photon momentum, Z A is the charge number of
the nuclei A, and j0 (x) is the spherical Bessel function. Here
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M(a, b, c) and U(a, b, c) are the first and second types of confluent hypergeometric functions, respectively. The effective
range parameters of the denominator in the di-field propagator can be written in terms of the resonance energy ER and the
width ΓR (ER ) [17]. The divergent parts are absorbed by hR
and the cutoff rC is introduced in the integration of Eq. (12)
to evaluate the finite part numerically.

IV. RESULTS
We obtain the astrophysical S factor of the

15

N (p, γ) 16 O

reaction at the energy region relevant to the stellar environment
in this study. The astrophysical S factor is defined as a scaling
factor of the total cross-section of the thermonuclear reaction
in stars using
σ(E) =

S(E) −2πη
e
,
E

(13)

where exp (−2πη) is the factor of penetrating the Coulomb
barrier between two charged nuclei. Based on the obtained

Fig. 3. (Color online) The astrophysical S factor as a function
of the c.m. energy Ecm . The solid curve is our result with the
cut-off rC = 1.0 fm. The experimental data are obtained from
Ref. [5].
Table 1. Numerical values of the parameters, χ2 , and S(E = 0)
with N = 34 of data points. The cutoff rC = 1.0 fm is used.
ys (MeV−1/2 ) h R (MeV) E R (keV) ΓR (E R ) (keV) χ 2 /N S(0) (keV · b)
6.735 × 10−3

0.1006

376.4

403.4

13.58

30.4

radiative capture amplitude of Eq. (8), the total cross-section
for the

15

N (p, γ) 16 O reaction can be written as
σ(E) = α

γ 2 + p2 2
|X | ,
4p

We can extrapolate the results based on the determined
(14)

parameters to estimate the value of S(0). The obtained value
of S(0) is presented in Table 1. For comparison, the values of

which can read the S factor.
In order to extrapolate the S factor to extremely low energy

S(0) obtained in previous works are shown in Table 2, which is

regions for estimating S(E = 0), we determine the parameters

demonstrated in Fig. 4. This shows that our result is consistent

of our model to reproduce the experimental data of S(E) re-

with other predictions except that of Ref. [2].

ported in Ref. [5]. Because of the paucity of other experimental
data, we use the LECs, resonance energy, and resonance width
as free parameters in this exploratory study. We fit the param-

V. SUMMARY

eters using the minimum χ2 fitting using the empirical data
of the S factor for the

15

N (p, γ) 16 O reaction at c.m. energies

In this study, we describe the S factor of the

15

N (p, γ) 16 O

in the range of 72.8 keV ≤ Ecm ≤ 368.3 keV, as reported

reaction based on the cluster EFT and effective range expan-

in Ref. [5], and our results for S(E) are compared with the

sion. The R-matrix model was used for most theoretical cal-

experimental data (Fig. 3). This figure shows that our model

culations in this reaction, and this study is the first calculation

successfully reproduces the experimental data in the consid-

for this reaction performed in the EFT scheme. This model

ered energy region. However, it should be mentioned that there

could successfully describe the obtained experimental data

are uncertainties in the experimental values at energies below

from Ref. [5], and the astrophysical S factor obtained from

0.2 MeV. This shows the difficulties of experiments at low

this reaction is consistent with the values estimated from the

energies and introduces uncertainties in our estimates. The

previous study except that from Ref. [2]. As shown in Fig. 4,

values obtained from the parameters are presented in Table 1,

our estimate, S(0) = 30.4 keV·b, supports the conclusion that

which leads to aR = −2.174 ×

S(0) value is less than 40 keV·b, as in most R-matrix analyses.

104

fm and r = 1.458 fm.
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Table 2. S(0) values for the
S(0)

This work
30.4

15
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N (p, γ) 16 O reaction in units of keV·b.

Ref. [1]
32

Ref. [2]
64 ± 6

Ref. [4]
39.6 ± 2.6

Ref. [7]-I
35

Ref. [7]-II
50

Ref. [8]
33.1-40.1

Ref. [10]
36.0 ± 6

Ref. [9]
40 ± 0.3
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